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Abstract

The binary quadratic equation y2 —11x? +1is considered and a few

interesting properties among the solutions are presented. Employing the integral
solutions of the equation under consideration, a few remarkable observations are
illustrated.
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Introduction

Any non-homogeneous binary quadratic equation of the form y2 ~-Dx? =1

,where D is a given positive non-square integer, requiring integer solutions for x
and y is called Pellian equation (also known pell-Fermat equation). In cartesian
co-ordinates, the equation has the form of a hyperbola. The pellian equation has
infinitely many distinct integer solutions as long as D is not a perfect square and
the solutions are easily generated recursively from a single fundamental solution,
namely, the solution with X, y positive integers of smallest possible size. One may
refer [1-9] for a few choices of Pellian equations along with their corresponding
integer solutions.
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The solutions to Pellian equations have long been of interest to mathematicians.
Even small values of D can lead to fundamental solutions which are quite large.
For example, when D=61, the fundamental solution is (1766319049, 226153980).
The above results motivated us to search for integer solutions to other choices of

Pellian equation. This paper concerns with the Pellian equation y2 =11x% +1, a

few interesting properties among the solutions are presented. Employing the
integral solutions of the equation under consideration, a few remarkable
observations are illustrated.

Method of analysis:

The hyperbola represented by the non-homogeneous quadratic equation under
consideration is

y? =11x? +1 (1)
The smallest positive integer solution is Xg =3, yg =10

If (X,,,Yp, )Jrepresents the general solution of (1) then
Xn = (1/ 2\/B)gn (2)
yn =/2)f, 8)
where

f =(10+3v11)"* +ho-3v1a ™"
gn = (0+3v11)"™** —fo—3viz)™

A few numerical solutions to (1) are presented in table below:

Table: Numerical solutions

N Xn Yn
0 3 10
1 60 199
2 1197 3970
3 23880 79201
4 476403 1580050
5 9504180 31521799
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Observations:

> Xop_1 =0(mod10)n=123.......

> yon =0(mod10),n =012........

> Xp=0(mod3),n=012.......

» A few interesting relations among the solutions are given below:
33X —Yn+1 +10yp =0

* 33Xp41—10yni1+Yyn =0

o 33Xp42 199y, +10y,, =0

e 660xp,,.1—10y .o +10y, =0

e 660x,.2—-199yp, o +yn =0

o 33Xy —10yp40 +199y,1 =0

e 33Xpi1—Yni2 +10yp41 =0
e 33Xpi2—10yni2 +Yni1 =0
e 3y, —Xp41 +10x, =0

e 3Yni1—10Xp4 +Xp =0

e 3Ypi2 —199%,,1 +10x, =0
o 3yp —10XpH,2 +199%x, =0

*  3Yni2 —10Xp 2 + Xy =0
e 60y, —Xpy2 +199x, =0

e 60y,,1—199%p,0+X, =0
60yq42 —10Xp2 +10x,, =0

» [EXxpressions representing square integers:

e 2yoni1+2
o 2(20ypn.2—Yoniz)+2
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1
® g(y2n+2_33X2n+1)+2
o 2(10ypn,2 —33Xpn 2)+2

1
. g(199y2n+2 ~33X2n43)+2

2
. @(y2n+3 _660X2n+1)+ 2

o 2Yyan13—66Xn,1)+2
d 2(Y2n+3 - 660X2n+3)+ 2

2
. §(X2n+2 —10Xpn41)+2

1
* %(X2n+3 ~199X 1)+ 2

2
* 5(10X2n+3 ~199%5n2)+2

» Expressions representing cubical integers:

®  2y3ni2 +6Yy

i 2(20y3n+3 _YSn+5)+3fn
1

o g(YSn+3 —33X3n42)+3f,

®  2(10yzn,3—33X3n:3)+3f,

1
d 5 (199YSn+3 —33X3n45 )+ 3f

2
o @(Y3n+4 —660xX3n,2)+3fp

®  2(y3n,4 —66X3n,3)+3f,

®  2(199y3n.4 —660X3n,4)+ 3y
2
° §(X3n+3 ~10X3n,2)+3fp
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1
i %(X3n+4 _199X3n+2)+ 3f

%(10X3n+4 —199x3n,3)+3fy

» Expressions representing biquadratic integers:

* 2y4ny3+t 4(4Yn2 )_ 2
o 220y4ni4- y4n+5)+1GYn2 -2

1
. g(y4n+4 —33X4n43)+16y % -2

o 20y ,4—33yan14)+16y,° —2
1
. §(199Y4n+4 ~33X4p45)+16y,° ~2

2

2
o @(Y4n+5—660X4n+3)+1GYn -2

2
o 2AYany5—66Xan,4)+16y," ~2

o 2(199y4p.5—660x4, +5)+16Yn2 -2
2
* §(X4n+4 _1OX4n+3)+16)’n2 -2

1 2
. %(X4n+5_1QQY4n+3)+16Yn -2

2 2
5(103/4n+5 ~Xan14)+16y,° =2
[ )

» Employing linear combinations among the solutions, one obtains
solutions to other choices of hyperbolas

Choisel: LetX=Yy,,Y =Yyn,1-10y,

Y? =99X? -99
Note that (X, Y) satisfies the hyperbola
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Choise2: LetX=Yy,,Y =Yq,2 199y,

Y2 =39600X2 — 39600
Note that (X, Y) satisfies the hyperbola

Choise3: LetX=y,,Y =X,

11Y2 = X% -1

Note that (X, Y) satisfies the hyperbola
Choised: LetX=Yq, Y =Xn41—3Yn

11Y2 =100X? ~100
Note that (X, Y) satisfies the hyperbola
Choise5: LetX=yp, Y =Xp12 —60y,

11Y2 =39601X? — 39601

Note that (X, Y) satisfies the hyperbola

Choise6: LetX=20Y,.1—Yn+2, Y =10y,2 199y, 1
Y? =99X2 - 99

Note that (X, Y) satisfies the hyperbola

Choise7: LetX=Yyp;1—33X,, Y =Xy

1100Y2 = X2 -100

Note that (X, Y) satisfies the hyperbola

Choise8: LetX =10y, .1 —33Xn41, Y =10X41 —3Yn41
11Y2 =Xx? -1

Note that (X, Y) satisfies the hyperbola

Choise9: LetX=199y,,1 —33Xpn42, Y =Xp42 —6Yn41
1100Y2 = X2 —100

Note that (X, Y) satisfies the hyperbola

Choisel0: LetX=Yy,,2 —660x,,Y =X,

435611Y 2 = X2 —39601
Note that (X, Y) satisfies the hyperbola
Choisell: LetX=Ypn,2 —66Xpq41, Y =199X,1 —3Yn42

11Y2 =100X? ~100

Note that (X, Y) satisfies the hyperbola

Choisel2: LetX =199y, o —660Xp,2, Y =199X,2 —60y, 2
11Y2 = X% -1

Note that (X, Y) satisfies the hyperbola

Choisel3: LetX=xp,1—-10x,,Y =X,

99Y2 = X2 -9
Note that (X, Y) satisfies the hyperbola
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Choisel4: LetX =Xu,2 —199%,,Y =X,

39600Y 2 = X2 — 3600
Note that (X, Y) satisfies the hyperbola

Choisel5: LetX=10Xp742 —199%Xp11, Y =20X[1 — Xp42

99Y2 = X2 -9
Note that (X, Y) satisfies the hyperbola

» Employing linear combinations among the solutions, one obtains
solutions to other choices of parabolas

Choisel6: LetX=Yon41+1LY =Yyn,1 10y,
2Y2 = 99X —198

Note that (X, Y) satisfies the parabola.

Choisel7: LetX=VYoni1+1L Y =ypni2 —199y,

Y? =19800X — 39600

Note that (X, Y) satisfies the parabola.
Choisel8: LetX=Yyon41+1Y =X,

22Y%2 =X -2

Note that (X, Y) satisfies the parabola.
Choisel9: LetX=Yon41+L Y =Xn41—-3Yn

11Y2 = 50X —100
Note that (X, Y) satisfies the parabola.
Choise20: LetX=Yon41+1 Y =X,,2 —60yy,

22Y? =39601X — 79202
Note that (X, Y) satisfies the parabola.
Choise2l: LetX=20Yon4:2 —Yon+3, Y =10y,0 =199y, 11

2Y? = 99X - 99

Note that (X, Y) satisfies the parabola.

Choise22: LetX=Yon,2 —33Xon41: Y =Xp

220Y2 = X -10

Note that (X, Y) satisfies the parabola.

Choise23: LetX=10yYpn,2 —33X9n42, Y =10Xp11 —3Yn41
22Y?% =X -1

Note that (X, Y) satisfies the parabola.

Choise24: LetX =199y5,,2 —33X9n43, Y =Xp42 —6Yni1

220Y2 =X -10
Note that (X, Y) satisfies the parabola.

© 2021, IRJEMT Volume: 02 Issue: 03 | July 2021
32



w,
ﬁﬂl International Research Journal of Education and Technology

ISEN 2581-7795

IRJET

Choise25: LetX =Yyon,3—660X2n,1, Y =Xp

4378Y2 = X ~199
Note that (X, Y) satisfies the parabola.
Choise26: LetX=Yoq,3—66Xon42, Y =199%,1 —3Yn42

11Y2 =50X —50
Note that (X, Y) satisfies the parabola.
Choise27: LetX =199y,,,.3 —660Xon,3, Y =199X},,» —60y .2

22Y?2 =X —1

Note that (X, Y) satisfies the parabola.
Choise28; LetX =Xon,12 —10Xon41, Y =X
66Y2 =X -3

Note that (X, Y) satisfies the parabola.
Choise29: LetX =Xpn,13—-199%5n41, Y =X
1320Y2 = X - 60

Note that (X, Y) satisfies the parabola.
Choise30: LetX =10X21,3 —199X5n,2, Y =20X[11 —Xp42
66Y2 =X -3

Note that (X, Y) satisfies the parabola.

> considering suitable values of X,& Y. one generates 2" order
Ramanujan numbers with base integers as real integers

For illustration, consider

Xy =1197 =1*1197 =3*399 =7*171=9*133 =19*63 = 21*57 (*)
Now,

1*1197 =3*399

= (1+1197)? +(3—399)? = (1-1197)? + (3+399)? =1592020

1*1197 =7*171

= (1+1197)? + (7 -171)? = (1-1197)* + (7 +171)* =1462100

1*1197 =9*133
= (1+1197)? +(9-133)? = (1-1197)? +(9+133)? =1450580

1*1197 =19*63
= (1+1197)? + (19— 63)% = (1-1197)? + (19 + 63) =1437140
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1*1197 = 21*57
— (1+1197)? +(21-57)? = (1-1197)? +(25+57)? =1436500

3*399 = 7*171

= (3+399)? +(7-171)? =(3-399) + (7 +171)? =188500
3*399 =9*133

= (3+399)? +(9-133)? = (3—399)? + (9+133)? =176980
3*399=19*63

— (3+399)? + (19 +63)? = (3—-399)% + (19— 63)> =163540
3*399 = 21*57

= (3+399)? +(21-57)% = (3—399)? +(21+57)% =162900
7*171=9*133

= (7+171)% +(9-133)? = (7 -171)? +(9+133)? = 47060
7*171=19*63

= (7+171)? + (19-63)? = (7-171)% + (19+ 63)> = 33620

7*171=21*57
= (7+171)% + (21-57)% =(7-171)? + (21+57)? = 32980

9*133=19*63
— (9+133) +(19-63)?

(9-133)% +(19+ 63)? = 22100

9*133 = 21*57
= (9+133)? +(21-57)% = (9-133)? +(21+57)? = 21460

19%63 = 21*57
= (19 +63)* +(21-57)? = (19— 63)? +(21+57)* = 8020
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Note:

1*1197 = 3*399
— 5992 —5982 — 2012 —1982

— 5992 +1982 = 2012 + 5982
— 358801 + 39204 = 40401 + 357604 = 398005

1*1197 = 7*171
— 5992 —5982 =892 —822

— 5992 +822 =892 + 5982

— 358801+ 6724 = 7921 + 357604 = 365525
1*1197 = 9*133

— 5992 —5982 = 712 — 622

— 5992 + 622 =717 +598°

— 358801+ 3844 = 5041 + 357604 = 357604
1*1197 =19*63

— 5992 5082 = 412 — 222

— 5992 + 222 — 412 + 5082

= 358801+ 484 =1681+ 357604 = 359285
1*1197 = 21*57

— 5992 _5982 —392 _182

— 5992 1382 =182 +5082

— 358801 + 324 = 1521 + 357604 = 359125
3*399 = 7*171

— 2012 —1982 =892 _g22

— 2012 +822 =892 11982

— 40401+ 6724 = 7921+ 39204 = 47125
3*399 = 9*133

— 2012 —1082 = 712 — 22

— 2012 +622 = 712 +1982
— 40401 + 3844 = 5041+ 39204 = 44245
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3*399 =19*63

— 2012 ~198% =412 — 222

— 2012 + 222 = 412 +1982

— 40401+ 404 =1681+ 39204 = 40885

3%399 = 21*57
— 2012 —1982 =392 _182

— 2012 +182 =392 +1982
— 40401+ 324 = 1521+ 39204 = 40725

7*171=9*133
— 892 —822 =712 — 622

— 892 +622 = 71% +82°

— 7921+ 3844 = 5041 + 6724 = 11765
7*171=19*63

— 892 —822 =41 — 227

— 892 + 222 = 412 + 822

— 7921+ 484 = 1681+ 6724 = 8405
7*171=21*57

— 892 —822 =392 —182

— 892 +182 =392 +822

— 7921+ 324 = 1521+ 6724 = 8245
9*133 =19*63

— 712 — 622 =412 - 22°

— 712 + 222 = 41° 1 622

— 5041+ 484 = 1681+ 3844 = 5525
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9*133 = 21*57
— 712 — 622 =397 —182
— 712 +182 =392 + 622
— 5041+ 324 = 1521+ 3844 = 5365
19*63 = 21*57
— 41 —22% =392 —182
— 41° 1182 =392 + 222
— 1681+ 324 =1521+ 484 = 2005

Thus 398005, 365525, 362645, 359285, 359125, 47125, 44245, 40845, 40725,
11765, 80405, 80245, 5525, 5365, 2005, 1592020, 1462100, 1450580, 1437140,
1436500, 188500, 176980, 163540, 162900, 47060, 33620, 32980, 22100, 21420,
8020 represent 2™ order Ramanujan numbers.

> Considering  suitable values of x, &y, one generates 2" order
Ramanujan numbers with base integers as Gaussian integers.

For illustration, consider again X, represented by (*),

Now,
1*1197 =3*399

= (i+1197)? +(3i —399)? = (i —1197)% + (3+399)? =1592000

1*1197 = 7*171
= (i+1197) +(7i-171)? = (i—1197)? + (7i +171)? =1462000
1*1197 = 9*133
= (i +1197)% + (9i —133)* = (i —1197)* + (9i +133)* =1450416
1*1197 =19*63
= (i+1197)? + (19i —63)? = (i —1197)? + (19i + 63)? =1436416
1*1197 = 21*57
= (i+1197)% +(21i —57)% = (i—1197)? + (21i + 57)? =1435616
3%399 = 7*171

= (3i+399)? +(7i —171)? = (3i —399)? + (7i +171) = 188384
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3%399 =9+*133
= (3i+399)? +(9i —133)? = (3i —399)? + (9i +133)* =176800

3*399=19*63
= (3i+399)% + (19i + 63) = (3i —399)? + (19i — 63)? =19519
3*399 = 21*57

= (3i+399)? +(21i —57)% = (3i —399)? + (21i +57)? =162000
7*171=9*133

= (7i +171)% + (9 —133)? = (7i —171)? +(9i +133)* = 46800
7*171=19*63

= (7i +171)% + (19i — 63)% = (7i —171)? + (19i + 63)? = 32800
7*171=21*57

= (7i+171)? +(21i —=57)? = (7i —171)* + (21i + 57)% =32000
9*133=19*63

= (9 +133)% + (19i — 63)% = (9i —133)? + (19i + 63) = 21216
9*133 = 21*57

= (9i +133)? + (21i —57)? = (9i —133)? + (21i + 57)° = 20416

19*63 = 21*57
= (19i + 63)° + (21i —57)* = (19i —63)? + (21i + 57) = 6416

Note that 1592000, 1462000, 1450416, 1436416, 1435616, 188384, 176800,
19519, 162000, 46800, 32800, 32000, 21216, 20416, 6416 represent 2™ order
Ramanujan numbers with base integers as gaussian integers.
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